An integral equation method for solving the eddy-current nondestructive evaluation problem for a flat, tilted, and surface-breaking crack in a conducting half-space is presented. The method involves use of a half-space Green's tensor and the Bowler potential. This potential describes the jump in the electric field over the crack and is expanded in basis functions related to the Chebyshev polynomials, being a more analytical approach than the commonly used boundary element method. In the method, the scatterer defines a transformation operator to be applied on the incoming field. This is practical in simulations of the eddy-current inspection where this operator is independent of the position of the probe. The numerical calculations of the change in impedance due to the crack are compared to a Finite Element model of the problem and good agreement is found. V C 2013 AIP Publishing LLC.
I. INTRODUCTION
Much of the development of more and more advanced nondestructive evaluation (NDE) technologies can be traced to the introduction of structural design and risk based inspection programs based on the damage tolerance concept. New and stronger demands on reliability of used nondestructive methods and procedures have enforced different strategies to quantify the inspection capability. The most dominant and frequently used method within the aero industry is the probability of detection (POD) methodology, see, e.g., Jensen et al., 1 Wirdelius and Persson, 2 and Rosell and Persson. 3 The intention is that POD curves should provide a statistically sound measurement of a method's capacity to detect a defect as function of its size. These POD curves can then be used to find the optimal NDE technique with respect to a specific object, material, defect size, and other defect characteristics. The proposed qualification procedure with test pieces is very expensive and it also tends to introduce a number of possible misalignments between the actual testing situation and the proposed experimental simulation. Experimentally validated simulation tools that capture variations of both the NDE methods and well-defined procedures and samples can then be used to predict the outcome of a single NDE situation and provide cost effective synthetic POD data.
Eddy-current NDE involves the detection of electromagnetic field anomalies caused by inhomogeneities in an electrically conducting material. The primary eddy-current field is usually produced by sinusoidal excitation of a small induction coil located near the surface of the inspected part. By scanning the coil over the surface, flaws can be detected by observing a change in the coil impedance due to flawinduced perturbations of eddy-current density. A mathematical model of the NDE problem is often very useful, e.g., one can obtain a better understanding of the physical process of the NDE situation and it is easier to perform parametric studies. Computer simulations of the flaw detection process require calculation of the electromagnetic field in the material around the flaw and the response from the defect, for this a reciprocity relation exists where the flaw response function can be expressed as an integral over the surface of the flaw. There have been several studies of simulating scattering of eddy-currents from cracks in a conducting half-space during recent decades, see Auld and Moulder. 4 Harfield and Bowler 5 give a closed form expression for the change in electromagnetic impedance of a conductor due to the presence of an infinitely long, perpendicular surface-breaking crack in a normally incident, uniform electric field. The perturbed electromagnetic field was more accurately calculated using Wiener-Hopf technique than Auld et al. 6 A similar problem is considered by Kahn et al. 7 Harfield and Bowler 8 develop a method based on geometrical theory of diffraction (GTD) for eddy-current nondestructive evaluation. Lewis et al. 9 investigate thin skin electromagnetic scattering of a semi-elliptical surface-breaking crack in an infinite halfplane interrogated by a uniform surface current. Bowler et al.
10 calculate eddy-current probe responses for surface cracks with a finite opening. Eddy-current interaction with an ideal crack with negligible opening and acting as an impenetrable barrier to electric current is considered by Bowler. 11 The method of Bowler 11 was extended by Beltrame and Burais 12 to consider also the inclination of the crack.
In the present paper the mathematical modeling of a surface-breaking, infinite crack in a half-space, using an integral equation technique, is studied. The crack can have any depth and tilt. The probe is modeled as a three-dimensional single coil with a lift-off giving a three-dimensional incoming field (Dodd elastic half-space. The integral equation for the jump in the tangential electrical field over the crack is solved by expanding the Green's tensor in plane waves, where the free part is expanded in the crack coordinate system and the additional part due to interface between the half-spaces is expanded in the half-space coordinate system. To discretize the integral equation an expansion of the jump in the electrical field in Chebyshev functions is performed in order to get the correct singularity at the crack edge and mouth. This gives a more analytical method which can be expected to be more numerically effective.
II. PROBLEM STATEMENT
Consider the typical eddy-current testing situation as depicted in Fig. 1 . An eddy-current probe in the shape of a small cylindrical coil is scanning closely over the surface z 0 ¼ 0, which divides space into an air-filled half-space z 0 < 0 and a nonferromagnetic, conducting (metal) half-space z 0 > 0. The properties and modeling of the probe is described in Sec. IV. The metal half-space contains an infinitely long (in the y direction) surface-breaking crack of height a (in the z direction), which is tilted by the angle w from the normal to the interface. The two coordinate systems x 0 y 0 z 0 and xyz are introduced, where the origins and the y and y 0 axes along the crack mouth are coinciding. The x 0 y 0 z 0 system has the z 0 axis normal to the interface and the x 0 axis in the interface perpendicular to the crack mouth. The xyz system is tilted the angle w around the y 0 axis so that the z axis lies in the plane of the crack. The half-space z 0 > 0 is denoted region i ¼ 0 and z 0 < 0 as region i ¼ 1. The geometry of the problem is thus 2D (with translational invariance in the y direction), but the field distribution is 3D because of the exciting probe.
Only time harmonic conditions are considered and the time factor expðÀixtÞ is suppressed throughout. The wave numbers in the two regions are k
, where l i is the magnetic permeability, e i the electric permittivity, and r i is the conductivity, for i ¼ 0,1. In the air the constants are taken as those of vacuum, so the conductivity is vanishing. In realistic eddy-current applications the wavelengths in air are very much larger than all relevant geometrical lengths so the wave number is practically zero. However, it is retained as nonzero here for the sake of generality. The electromagnetic fields satisfy Maxwell's equations, but after eliminations this gives for the electric field
Between the two half-spaces the tangential parts of the electric and magnetic fields must be continuouŝ
whereẑ 0 is the unit vector in the z 0 direction. The crack is assumed to be infinitely thin but with limited electric contact between the faces so the boundary conditions across the crack are taken aŝ
where the indices plus and minus denote the limit from the two sides x > 0 and x < 0, respectively. Here, V is a scalar surface field on the crack that determines the jump in the tangential electric field and a is a constant which determines the degree of contact across the crack. For an open, infinitely thin crack a ¼ 0. To model a crack with partial contact the following model proposed by Harfield and Bowler 16 is used:
This results in an electric contact corresponding to the case of a volumetric flaw of the width c and the electric conductivity r f . To make the problem formulation complete, the electric field must also satisfy radiation conditions.
III. INTEGRAL EQUATION SOLUTION
To solve the scattering problem the integral equation derived by Bowler 11 is used, but with a nonzero right-hand side if electrical contact exists across the crack. This equation contains the Green's tensor for the two half-spaces without the crack, and the equation therefore only contains an integral over the crack
where E inc 0x ð0; y; zÞ is the incoming field, i.e., the field from the coil in the absence of the crack. The unknown V is a surface scalar function defined on the crack such that it determines the jump in electric field through r 0 Vðy
Only the 11 component of the Green's tensor is needed as only the normal (x) component of the integral representation is used and the unknown only has a normal component. 11 According to the boundary condition (5) the right-hand side of Eq. (7) can be written as aVðy; zÞ. It is observed that the resulting integral equation is singular, but the way of solving it makes it possible to later take the limit under the integral.
FIG. 1. The 3D scattering geometry with the metal half-space z 0 > 0, the air half-space z 0 < 0, the coil, and the tilted crack along the z axis.
The Green's tensor is divided into two parts, where one is the free-space tensor of the metal and the other is due to the interface to the air. The free-space Green's tensor is obtained by taking a double Fourier transform in the tangential coordinates y 0 and z 0 . This straightforwardly gives
dq dp h f jn 0 f 
where j is summed over 1,2 and
Here
(the square root is defined such that =ð ffiffiffiffiffiffi ffi ðÃÞ p Þ ! 0). Furthermore, f* is obtained from f by changing all explicit i to Ài. It is noted that this expansion of the Green's tensor can be viewed as an expansion in plane waves. The free space Green's tensor is written in the coordinate system x 0 y 0 z 0 of the interface, but this part has of course the same appearance in all coordinate systems, in particular, also in the crack system xyz.
To satisfy the boundary conditions at the metal-air interface an additional part is added to the Green's tensor, in the metal this is a reflected part and in the air a transmitted one. As the Green's tensor is just an expansion in plane waves, the appearing reflection and transmission coefficients are just the well-known ones for plane waves. Using the boundary conditions (2) and (3) to determine the reflection and transmission coefficients and then transforming to the crack system the reflected part in the metal becomes
dq dp h g jn 0 R jj 0 g þ j0n Á e iðx0ðq cos wÀh sin wÞÀxðq cos wþh sin wÞþpðy0ÀyÞþz0ðh cos wþq sin wÞþzðh cos wÀq sin wÞÞ ;
where j and j 0 are summed over 1, 2 and 
Here, g þ is obtained from g by changing i to Ài and h to Àh. The standard Fresnel reflection coefficients are
where b 01 ¼ l 0 =l 1 and the two off-diagonal elements are of course zero:
To discretize the integral equation and to take care of the hypersingularity, the unknown Vðy 0 ; z 0 Þ is expanded as and the summation is over all positive integers. By expanding Vðy 0 ; z 0 Þ in these functions, which are related to the Chebyshev polynomials, the correct weak singularity appears at the crack edge, see Bowler. 11 At the crack mouth the expansion functions have a finite value to admit a finite value of the jump in electric field. Inserting the sum of the expansions of the Green's tensor (8) and (10) and the expansion of the unknown (13) into the integral Eq. (7), projecting the result on the Chebyshev functions and taking a Fourier transform in y yields 
Here, the following function is introduced:
It seems that this integral can not be calculated in simple analytical form, but except for large arguments it is straightforward to compute numerically. For an interior crack, with a slightly different expansion of the unknown, the corresponding integral is essentially a Bessel function. 14 It should be noted that the last term in expression (16) can be calculated analytically.
IV. THE PROBE
The eddy-current probe is assumed to be a coil with axis perpendicular to the interface between the air and the metal. An analytical expression for the magnetic vector potential is given in Dodd and Deeds. 13 By use of this expression the electric field in the metal in the absence of the crack is written as
Àsl 1 À e Àsl 2 Þ ðp; Àq; 0Þ s À ih dp dq; (18) where l 1 is the lift-off, l 2 À l 1 the height of the probe, and J is the current density, assumed to be constant inside the coil. The function Y(r 2 ,r 1 ) is an integration in r over the radial extension of the probe
where, r 1 and r 2 are the inner and outer radii of the coil, respectively, and J 1 (rs) is a Bessel function. Inserting the expression for the incoming field in Eq. (15) 
The remaining integral has to be computed numerically.
To calculate the eddy-current probe impedance change DZ due to the crack it is convenient to use the following expression (see Bowler et al. 10 ):
where I is the total current in the coil when acting as a transmitter. Using Eq. (18) together with the expansion (13) of V(y,z) yields
ð Þ Á I m ðha cos w þ qa sin wÞdq dp:
The computation of this quantity is now reduced to quadratures and the solution of the system of Eq. (15). It is noted that this system of equations has to be solved for each value of p needed to compute the p integral in the impedance change (22).
V. NUMERICAL EXAMPLES
In this section numerical examples are presented and compared with a FEM solution. The implementation is rather straightforward and is performed in MATLAB. First, this involves the numerical integration in (16) and (20) . This is straightforward except that the integral in (16) has to be handled with care as each term individually is divergent. So the integral must be computed as a whole and to get reasonable convergence the dominate behaviour for large arguments is calculated and integrated analytically. Solving the system of Eq. (15), there only remains to compute the integral in Eq. (22). Here, the q integral is straightforward. It is noted that the p integral in Eq. (22) involves a recomputation of all the previous steps. This reflects the fact that the problem is in effect solved by a Fourier transform in y (with transform variable p), which results in a 2D problem for each p. COMSOL Multiphysics is used to obtain the FEM solution. In the used FEM model (Rosell and Persson 17 ) the crack must have a finite width (in the x direction) and this has a clear influence on the results, see Rosell and Persson, 17 where the effect of crack width is investigated. In the model contact across the crack is modelled by a finite conductivity, resulting in a volumetric flaw of width c and conductivity r f . Obviously, the FEM mesh and the crack length (in the y direction) are finite and the crack and the FEM mesh are in the present case 7 mm long, which is long enough to simulate an infinite crack and an infinite region with reasonable accuracy.
The material is titanium with the conductivity r ¼ 0:58 MS=m and l and are the same as those of vacuum. The probe is a single coil with height 1 mm, inner diameter 0.75 mm, outer diameter 1 mm, and lift-off 0.1 mm. There is no electric contact across the crack ða ¼ 0Þ unless stated otherwise. The change in impedance DZ during a scan perpendicular over the crack is presented for a few cases below. Figure 2 shows a comparison between the present method and FEM for the frequency 1 MHz. The crack height (along the z axis) is chosen as 0.66 mm, corresponding to one skin depth at this frequency. This choice is critical in the sense that there is a field varying with depth which is reasonably large also at the crack tip. Two different crack tilts are shown and two FEM solutions are given for the crack widths 50 lm and 100 lm. If the two FEM results are extrapolated, it is seen that the results agree very well with the present solution. That a wider crack gives a larger change in impedance is in agreement with the results in Refs. 17 and 18. To illustrate the effect of electric contact across the crack, Fig. 3 shows the real versus the imaginary part of DZ during a surface scan. The frequency and the height of the crack are kept the same as in Fig. 2 . As expected an increased electric contact gives a smaller DZ.
In Fig. 4 , the change in impedance for four different crack tilts, but with the same depth, are shown for the frequency 1 MHz. The extension of the cracks in the z 0 direction (which is a cos w) is 0.66 mm or one skin depth. This results in different crack height along the z axis for different crack tilts. It seems like the width of the signal could be a good measure of different tilt angles. The maximum amplitude, on the other hand, is almost the same for all of the cracks. Figure 5 shows the change in impedance as a function of frequency for tilted defects relative the change in impedance for a defect normal to the surface. For all frequencies the coil is centered above the crack mouth, which is near the position where maximum amplitude is achieved. The height of the cracks are 0.66 mm and the range of frequency is chosen as 10 5 -10 8 Hz, which is a typical frequency range used for titanium in the aero industry. The comparison shows that the maximum amplitude, which is mostly dependent on the depth of the crack, can be used to distinguish different tilt angles if the frequency is not too high. In the thin skin frequency domain where the amplitude is almost independent of the depth of the crack the difference in amplitude between different tilt angles is very small. To explore the frequency dependence further, Figs. 6(a) and 6(b) present the change in impedance during a surface scan for a low (10 5 Hz) and a high (10 8 Hz) frequency, respectively. The crack height (along the z axis) is chosen as 0.66 mm. Again there is a clear distinction between the different tilt angles, for the low frequency in amplitude and for the high frequency in the width of the signals. If the tilt angle is to be measured a higher frequency seems to be favourable, whereas the difference in depth as might have been expected is more evident when the frequency is not too high. It is noted that there is a change in sign in the real part between Figs. 6(a) and 6(b). The large change in amplitude for different frequencies is a matter of the chosen normalization, which has kept the current amplitude the same irrespective of the frequency, thus resulting in more input effect at higher frequencies. In a real experiment it is rather the effect that is kept constant.
VI. CONCLUDING REMARKS
The eddy-current interaction problem for a tilted, flat, surface-breaking crack is solved using an integral equation method. The jump in the electric field over the crack (known as the Bowler potential) is expanded in basis functions related to the Chebyshev polynomials. The transformation operator is generated and by reciprocity used to calculate the change in impedance due to the crack. These calculations show good agreement with a FEM solution of the problem. The crack in the present paper is infinite, but the method can be modified to handle finite cracks. The method is applicable to other surface geometries than a plane and another possible option is to add an extra layer above the crack.
